In this paper we are giving a necessary and sufficient condition for an incidence algebra to be indecomposable.
1 Preliminaries Definition 1. An algebra A is said to be indecomposable (or connected) if it is not a product of two algebras. Equivalently if 0 and 1 are the only central idempotents of A.
A commutative ring with identity is indecomposable if 0 and 1 are the only idempotents in the ring. Lemma 1. Let A be an associative algebra with identity. Assume that {e 1 , e 2 , . . . , e n } is a finite complete set of primitive orthogonal idempotents. Then A is indecomposable if and only if there does not exists a non trivial partition I ∪ J of the set {1, 2, . . . , n} such that i ∈ I, j ∈ J ⇒ e i Ae j = 0 = e j Ae i . Definition 2. Elements x and y in a partially ordered set X are connected if for some positive integer n, there exists x = x 0 , x 1 , . . . , x n = y elements of X with x i ≤ x i+1 or x i ≥ x i+1 for i = 0, 1, . . . , n − 1. X is called a connected partially ordered set if any two elements of X are connected.
Connectedness of elements of X is an equivalence relation and the equivalence classes are called connected components.
Examples
The set of all integers with usual ordering is a connected partially ordered set, since it is a totally ordered set.
2. The set of all natural numbers N with the relation x ≤ y if and only if x is divisible by y. This is not a total ordering, since two distinct primes are not related. But this is a connected partially ordered set since if m, n ∈ N we can consider x 0 = n, x 1 = mn, x 2 = m so that x 0 ≤ x 1 and
3. Now consider N with the relation n ≤ m if and only if n − m is a nonnegative even number. If n − m is an even number then either both m, n are even or both are odd. So with this partial ordering N is disconnected, since an even number and odd number will not be connected. With this ordering N will have two connected components, the set of all even numbers and the set of all odd numbers.
4. If we take the set as the set of all candidates for a job and the partial ordering as ranking according to their academic performance, one can not compare a candidate who studied Mathematics with a candidate who studied Literature. So such two candidates can not be connected.
Definition 3. The incidence algebra( [1] ) I(X, R) of a locally finite partially ordered set X over a commutative ring with identity R is
with operations given by
for f, g ∈ I(X, R) with r ∈ R and x, y, z ∈ X If R is associative, the incidence algebra I(X, R) will also be associative. Since X is locally finite, the sum in the definition of product will be finite. If A ⊆ X then the function δ A ∈ I(X, R) defined by
is called the characteristic function of A. If A = X, then we write δ A = δ. This is the identity element of I(X, R), since
Define δ xy ∈ I(X, R) by
and write e x for δ xx . Spiegel and ODonnell gives a theorem regarding the center of an incidence algebra as:
[1] Suppose that X = X i is a locally finite partially ordered set written as the union of its distinct, connected components and R is a commutative ring with identity. Then Cen(I(X, R)) is the set of all diagonal functions which are constants on each connected component of X.
Indecomposability of Incidence algebras
Here we are investigating the connection between the connectedness of a partially ordered set and the corresponding incidence algebra. First we considered the finite case and obtained the following result using lemma 1.(This could be proved without using this lemma as we show in the proof of next result). Proposition 1. Let X be a finite partially ordered set and F be a field. Then the incidence algebra I(X, F ) is indecomposible if and only if any two elements of X are connected.
Proof. Let there be two elements, say a and b in X that are not connected and X 1 be the connected component of a in X. Let X 2 = X \ X 1 . Any arbitrary interval of X is either contained in X 1 or in X 2 . We have a ∈ X 1 . So that b ∈ X 2 . Let f ∈ I(X, F ) be arbitrary.
So that e a f e b = 0. Similarly we can prove that e b f e a = 0. Since f ∈ I(X, F ) is arbitrary, this implies e a I(X, F )e b = 0 = e b I(X, F )e a . Hence by previous lemma I(X, F ) is not indecomposible.
Conversely suppose that X is connected but I(X, F ) is decomposible. Then by the above lemma X = X 1 ∪ X 2 is a disjoint union such that
Since X is connected, there exists a ∈ X 1 and b ∈ X 2 such that a ≤ b or b ≤ a. Hence if X is connected I(X, F ) is indecomposible.
Next we consider the case where X is an arbitrary locally finite partially ordered set and F a field. The previous condition is valid in this case also. Here we approach the problem directly without using lemma 1. Proposition 2. Let X be a locally finite partially ordered set and F a field. Then the incidence algebra I(X, F ) is indecomposible if and only if any two elements of X are connected.
Proof. Let X contains 2 elements a, b that are not connected. Let A be the connected component of a. Clearly b is not in A, and a ∈ A. Hence A = X,as well as A = φ. Each interval in X is either completely contained in A or lies outside A. Consider the function
There fore δ A is an idempotent of I(X, F ). Choose f ∈ I(X, F ) and
In both case (f δ A )(x, y) = (δ A f )(x, y). Since f ∈ I(X, F ) and x ≤ y ∈ X were arbitrary, this implies δ A is central. Since A = φ or X, δ A = 0 or δ. So that δ A is a central idempotent of I(X, F ) other than 0 or 1. Hence I(X, F ) is not indecomposible.
Conversely, Let X be such that any 2 elements of X are connected, i.e. X itself is a connected component of any of its elements. Then by Theorem 1, center of I(X, F ) is the set of all diagonal functions which are constant on X. Ie, f (x, x) =a constant for all x ∈ X. Now f 2 = f ⇒ f (x, x) = 1 or 0, ∀x ∈ X. That is 0 and δ are the only central idempotents of I(X, F ). Hence I(X, F ) is indecomposible.
Main result
The 2 properties of a field that we used in this proof are (i)commutativity and (ii) 0 and 1 are the only idempotents.
Let R be a decomposible ring. Then R will contain a central idempotent, say e other than 0 and 1. Then f ∈ I(X, R) defined as f (x, y) = eδ xy , ∀x, y ∈ X will be a central idempotent of I(X, R) other than 0 and 1. So that I(X, R) will be decomposible. Hence we can conclude that: Theorem 2. Let X be a locally finite partially ordered set and R be a commutative ring with identity. Then the incidence algebra I(X, R) is indecomposible if and only if 1. Any two elements of X are connected.
2. R is indecomposible.
